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Abstract 

The purpose of this paper is to give an illustration of results on integrability of distributions 
and orbits of vector fields on Banach manifolds obtained in |Pe) and |LaPe) . Using arguments 
and results of these papers, in the context of a separable Hilbert space, we give a generalization 
of a Theorem of accessibility contained in [Ha] . |Ro] and proved for a finite dimensional Hilbert 
space. 

1 Introduction 

In finite dimension, a snake (of length L) is a (continuous) piecewise C^-curve S : [0,L] — >■ M'', 
arc-length parameterized such that S(0) = 0. According to Ha for articulated arms (i.e. when S 
is affine by parts) and |Ro| in the general case, " charming a snake" is a control problem so that its 
"head" S{L) describes a given C^-curve c : [0, 1] — M'' in minimal way. More precisely we look for 
a 1-parameter family {St}te[o,i] such that St{L) — c{t) for all t E [0, 1] so that the family {St} has 
a minimal infinitesimal kinematic energy. We can formulate this problem in the following way: 

Each snake S of length L in R"^ can be given by a piecewise C°-curve u : [0,L] — >■ S"*"^ 
such that S{t) — Jg u{T)dT. Wc look for a 1-parameter family {ut]t£[o.i\ such that the associated 
family St of snakes satisfies St{L) — c(t) for all t G [0, 1] so that the infinitesimal kinematic energy 
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— / II — ut(s) I Ids is minimal. 
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The purpose of this paper is to give a generalization of this problem in the context of sep- 
arable Hilbert spaces. More precisely, given a separable Hilbert space H we consider the smooth 
hypersurface S°° of elements of norm 1. As previously, a Hilbert snake of length L is a continuous 
piecewise C^-curve S : [0,L] — >■ H, arc-length parameterized such that S'(O) — 0. An articulated 
arm corresponds to the particular case where u is afhne in each part. Then a snake is also given 
by a piecewise C"-curve u : [0,L] — )■ §°° such that S{t) = u{T)dT. Given a fixed partition V of 
[0, L], the set Cp of such curves will be called the configuration set and carries a natural structure 
of Banach manifold. For articulated arms, the configuration space is the subset of u which are 
constant on each subinterval associated to the partition. In fact, A^ is a weak Hilbert submanifold 
of C^. 

To any "configuration" u €E Cp is naturally associated the "end map" S-{u) = / u{s)ds. 

Jo 

This map is smooth and its kernel has a canonical complemented subspace which gives rise to 
a closed distribution D on C-p. In finite dimension, for a one parameter family {ut}t£io,i] the 
associated family St of snakes satisfies St{L) = c{t) for all t E [0,1] so that the infinitesimal 
1 d 

kinematic energy — / ||^wt(s)||(is is minimal. If c{t) has a "lift " c in which is tangent to D, 

it is called a "horizontal lift". So the problem for the head of the Hilbert snake to join an initial 
state xo to a final state xi can be transformed in the following " accessibility problem" : 

Given an initial (resp. final) configuration uq (resp. ui) in Cp, such that £[ui) — Xi, i ^ 0, 1, 
find a piecewise horizontal curve 7 : [0,r] (i.e. 7 is tangent to 2?) and which joins uq to ui. 

So, given any configuration u E Cj, we look for the accessibility set A{u) of all configurations 
V E Cj, which can be joined from w by a piecewise horizontal curve. In the context of finite 
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dimension, in |Ha) and [Roj , using arguments about the action of the Moebus group on C^, it can 
be shown that A{u) is the maximal integral manifold of a finite dimensional distribution on 
and Cp. Unfortunately, in our context, the same argument does not work. Moreover, as we are in 
the context of infinite dimension for S°°, we cannot hope to get a finite dimensional distribution 
whose maximal integral manifold is A{u). 

However, our principal result is to construct a canonical distribution V modeled on a Hilbert 
space, which is integrable and such that the accessibility set A{u) is a dense subset of the maximal 
integral manifold through u of V. Moreover this distribution is minimal in some natural sense (see 
Remark 14. 2p . In fact, when H is finite dimensional, 2? is exactly the finite distribution obtained in 
[Roj whose leaves are the accessibility sets. 

The arguments used in our proof can be found in [Pcj and [LaPej . Moreover, this Theorem 
of accessibility can be seen as an application of results obtained in |LaPe] ; it is also an illustration 
of the almost Banach algebroid structures developed in |CaPe) (see subsection I4.4[) . 

This paper is organized as follows. Section [2] contains all definitions and results of |Pe| and 
[LaPe] which are used in the proof about the accessibility sets. In a first time, the reader can skip 
this section; he can only refer to this paragraph for a deeper reading. In section 3, we define the 
configuration space, its Banach manifold structure and we construct the horizontal distribution. 
The last section presents in more detail the previous optimal problem and contains the principal 
result (Theorem HH] in subsection 14. ip . The proof of this Theorem which needs all definitions and 
results recalled in section [2] is developed in subsections 14.21 and 14.31 

2 Preliminaries 

2.1 Weak distributions on a Banach manifold 

In this subsection, fromjPe) we recall all definitions, properties and results we shall use later. 

Let M be a connected Banach manifold modeled on a Banach space E. We denote by X{M) 
the set of local vector fields on M. The flow of any X G X{M) will be denoted by . We then 
have the following definitions and properties: 

• A weak submanifold of M is a pair {N, f) where is a connected Banach manifold 
(modeled on a Banach space F) and / : A — )■ Af is a smooth map such that : 

— there exists a continuous injective linear map i : F E between these two Banach spaces; 

— / is injective and the tangent map T^f : T^N — ^ Tf^,j,)M is injective for all x G N. 

Note that for a weak submanifold / : — >■ Af, on the subset f{N) of M we have two 
topologies: 

— the induced topology from M; 

— the topology for which / is a homeomorphism from A^ to f{N). 

With this last topology, via /, we get a structure of Banach manifold modeled on F. Moreover, 
the inclusion from f{N) into M is continuous as a map from the Banach manifold f{N) to M. In 
particular, if U is an open set of M, then f{N) n J7 is an open set for the topology of the Banach 
manifold on f{N). 

• According to |Pe) . a weak distribution on M is an assignment 2? : a; i— >■ which, to 
every x € M, associates a vector subspace V^; in T^A^ (not necessarily closed) endowed with a 
norm || H^; such that (2?a;,|| \\x) is a Banach space (denoted by V^) and such that the natural 
inclusion : — T,j;M is continuous. Moreover, if the Banach structure on is a Hilbert 
structure, we say that I? is a weak Hilbert distribution. 
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When Vx is closed, we have a natural Banach structure on V^, induced by the Banach 
structure on T^M, and so we get the classical definition of a distribution; in this case we will say 
that V is closed. 

A (local) vector field Z on M is tangent to V, if for all x G Dom(Z), Z{x) belongs to V^- The 
set of local vector fields tangent to V will be denoted by X-p- 

• Wc say that V is generated by a subset X C X{M) if, for every x € M, the vector 

space Vx is the linear hull of the set {Y{x) , Y E X , x E Dom(y)}. 

For a weak distribution I? on M we have the following definitions: 

• an integral manifold of T> through x is a weak submanifold f : N ^ M such that there 
exists uq G N such that /(uo) = x and T„/(T„iV) = for all u £ N. 

• r> is called integrable if for any x & M there exists an integral manifold N ofV through x. 

• ifV is generated by a set X of local vector fields, then V is called X- invciriant if for any 
X G X, the tangent map T^cj)^ sends onto X>^x(^j for all {x,t) G fix- is invariant if V is 
Xj)— invariant. 

Now we introduce essential properties of "local triviality" which will play an essential role 
thorough this paper. 

• V is lower (locally) trivial if for each x € M, there exists an opcin neighborhood V of 
X, a smooth map 9 : Vx x V ^ TM (called lower trivialization) such that : 

(i) 9(2?,; X {y}) C Vy for each y^V 

(ii) for each y G V , @y = @{ ,y) : Vx ^ TyM is a continuous operator and 9^ : — > T^M is 
the natural inclusion ix 

(iii) there exists a continuous operator Qy : Vx ^ Vy such that iyoQy = 9y, 9y is an isomor- 
phism from Vx onto @y{Vx) and 9^ is the identity of Vx 

• V is called (locally) upper trivial if, for each x e M, there exists an open neighborhood 
y of a;, a Banach space F and a smooth map <b : F xV ^ TM such that : 

(i) $(F X {y}) = Vy for each y gV 

(ii) for each y e F, $y = $( , y) : F — )• TyM is a continuous operator such that ^y{F) = Vy 

• V is called strong upper trivial if, for any x G M, there exists an upper trivialization 

^ : F X V ^ TM such kcr^*^ is complemented (i.e. F = ker^E";,; ® S) such that the restriction 0y 
of ^'y to S is injective for any y G v, and then 9(u, y) = {9y o [0^]~^(m), y) is a lower trivialization 
of V. In this case 9 is called the associated lower trivialization. 

A strong upper trivial weak distribution V is called Lie bracket invariant if, for any x G M, 
there exists an upper trivialization ^ : F x V ^ TM such that for any u G F , there exists s > 0, 
such that, for all < r < e, we have a smooth field of operators C : [— r, r] — )■ L{F,F) with the 
following property 

[Xu, Z,]{-f{t)) = <i>{C(t)[v],j(t)) for any Z, = <S>(v, ) and any i; G (1) 

along the integral curve j : 1 1-^ 4>f''{x) on [— r, r] of the lower section Xy, = Q{^{u,x), ) . 
With these definitions we have: 



Theorem 2.1 

Let V be a strong upper trivial weak distribution, 
bracket invariant. 



Then V is integrable if and only if V is Lie 
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2.2 Orbit of a family of vector fields 

In this subsection we expose the results of |LaPe| which will be useful for the proof of Theorem 

EH 

Let A" be a set of local vector fields on M . Given a; £ M, we say that X satisfies the 
condition (LB(s)) at x (Locally Bounded of order s), if there exists a chart centered at x 

and a constant fc > such that: 

for any X d X, whose domain Doni(X) contains Vx^ we have 

sup{||J^[0,X](2/)||, X e A-, y e t4} < fc. (2) 

For any finite or countable ordered set A of indexes, consider a family ^ — {Xa\aeA where the Xa 
are defined on a same open set V and satisfies the condition (LBs) for s > 1. Given any bounded 
integrable map u = {ua)a<aA from some interval / to 1^{A) — {t — (tq,), \tc\ < oo} we can 

associate a time depending vector field of type 

Z{x,t,u) = ^ Ua{t)Xa{x), 

For such a vector field there exists a flow <i>|(i, ) (see Theorem 2 of |LaPe) ) . 

Given some r e l^iA), we set ||t||i = ^ |tq|. On the corresponding interval [0, ||t||i], we consider 

aGA 

a 

the partition {ta)aeA of this interval defined by, to — and for a E A, ^ |t^|. If we choose 

/3 = 1 

u ^ = (r^) where F^ is the indicatrix function of ]ta,ta+i[ we can associate to (f , t) a time 
depending vector field Z(x, t, u) as previously. Under appropriate assumptions, for such a Z, we 
get an associated fiow, denoted by $f (t, ) . Assume that the set of all DomXQ' iov X € X is 
a covering of M and is bounded at each point, i.e. the set of values {X{x), X G X} C T^M is 
bounded for any x e M. We can enlarge X to the set X given by 

X ^{Z ^ ^^i^Y), Y eX, $ = ^^^'^ o • • • o (/i^i for Xi, • • • , e X; and appropriate e R} 

(see subsection 3.1 of |LaPej ) . Then X satisfies the same previous properties as X. From this 
set X, we associate an appropriate pseudo- group Qx of local diffeomorphisms which are finite 
compositions of fiows of type (p^ with X E X and of type 'fldl'T'lli, ■) (as we have seen previously) 
or its inverse for f C A'. 

To Gx is naturally associated the following equivalence relation on M: 

X = y ii and only if there exists ^ E Gx such that $(a;) — y 
An equivalence class is called a A-orbit. 

Proposition 2.2 \LaPef For each pair {x,y) in the same X-orbit either we have a piecewise 
smooth curve which joins x to y and whose each smooth part is tangent to X or —X for some 
X G X or there exists a sequence 7^ of such piecewise smooth curves whose origin is x (for all 
curves) and whose sequence of ends converges to y. 

Consider any set y of local vector fields which contains A. Assume that there exists a weak 
distribution A generated by y which is integrable on M and for each x E M there exists a 
lower trivialization Q : F x V TM for some Banach space F (which depends of x) and some 
neighborhood V oi x in M. Let N be the union of all integral manifolds i^ : L M through xq. 
Then ipf : N M is the maximal integral manifold of A through a;o(see Lemma 2.14 Pc: ) . 

^DomX is the maximal open set on wliich X is defined 
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Proposition 2.3 (see \LaPef } 

As previously, let f : N ^ M be the maximal integral manifold of A through x. 

1. Let Z G X{M) he such that Dom{Z) n f{N) ^ % and Z is tangent to A. Set Vz = 
f~^{Dom{Z) n f{N)). Then Vz is an open set in N and there exists a vector field Z on 
N such that Dom{Z) = Vz and f^,Z = Zof. 

Moreover, if]ax,bx[ is the maximal interval on which the integral curve ^ : t ^-^ (f)^{t,x) is 
defined in M, then the integral curve 7 : i — > <j)^(t,x) is also defined on ]ax,bx[ and we have 

7 = /o7 (3) 

2. Let he — {Xp, /3 G B} <Z X <zy which satisfies the conditions (LB(s)) on a chart domain 
V centered at x ^ fi^) o,i^d consider the associated flow $f . For some t G 1^{B) let 7 he 
the curve on [0, ||t||i] defined by ^{t) = ^\{t,x). Then there exists a curve 7 : [0, ||t||i[— >■ TV 
such that 

/o7 = 7 on [0, ||t||i[ (4) 

According to the properties of X we can associate to tliis set a weak distribution T> in the 
following way: 

nx^{Y=Y. ^xX{x)} for any absolutely summable family {Ax, X & X, x e Dom(X)} 

xex 

In the same way we can also associate to X a, weak distribution V which contains X and 
which is A'-invariant. Moreover, for a set y of local vector fields which contains X and which is 
bounded at each point, we can also associate a weak distribution A of the previous type. If A is 
X invariant, then C A^, for any x G M . 

To the set X we can associate the sequences of families 

X = x^ dX^ ^ xu{[x,Y], x,Y e X} d ■■■ d x'' = x''-'^u{[x,Y], X ex,Y e x^-^} c •• • 

When X^ is bounded at each point, as previously, we can associate a weak distribution 2?'' gener- 
ated by X'^ . 

Consider an ordered finite or countable set of indexes A and assume that we have T) fulfilling 
the following conditions 

1. for any x ^ M there exists a strong upper trivialization $ : f'{A) x V — > TM such that 
$(ea, .) = Ya{ ) for each a E A where {ea}xeA is the canonical basis of 1^{A); 

2. for any x E M there exists a neighborhood of a; such that, V C naeA^om{Ya), and a 
constant C > such that we have 

[Y^,Yp]{y) = C:^piy)YAy) for any a, /3 E A (5) 
where each C^p is a smooth function on V, for any a, f3, v E A and we have 

E l^a/3(y)l<^ 

for any y E V. 
Then we have: 
Theorem 2.4 (jnP^): 

1. Under the previous assumptions, the distribution T) is integrable and each X-orbit O is the 
union of the maximal integral manifolds which meet O and such an integral manifold is dense 
m O. 

2. IfT)^ is defined and satisfies the previous assumptions for some k > 2, then we have T>^ = D 
and T>^ is integrable. 
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3 Hilbert snakes and Hilbert articulated arms 



3.1 The configuration space 

Let H be a separable Hilbert space and < ., . > (resp. ||.||) the inner product (resp. the norm) on H. 
We consider a fixed hilbertian basis {eijjgN in U- Any x gM will be written as a serie x = XiCi 

ieN 

where Xi = (.x, e^) is the z*''coordinate of x. We denote by §°° = {x gM : \\x\\ = 1} the unit sphere 
in H. Note that S°° is a codimension one hypersurface in H whose smooth equation is 1 p — 1 = 0. 
A curve 7 : [a, 6] ^ M called piecewise if there exists a finite set V={a = sq < si < ... < sn = b} 
such that, for alH = 0, A?^ — 1, the restriction of 7 to the interval [sj, Si+i[ can be extended to a 
curve of class C*^ on the closed interval [sj, Sj+i]. 

Given any metric space {X,d), we denote by C {[a,b] ,X) the set of continuous curves u : 
[a, b] — ^ X. Recall that on C {[a, b] , X) we have the usual distance doo defined by 

doo{ui,U2)= sup d{ui{t),U2{t)) 
te[a,6] 

and C {[a, b],X) , doo) is a complete metric space. 

For a given partition 'P={a = sq < si < ... < Sn = b} of [a, 6], let be C!p {[a, b] , (resp. 
Cj, {[a,b] ,IH) the set of curves u e C {[a,b] ,S°°) (resp. u e C {[a,b] ,IH)) which are C''-piecewise 
relatively to V for k G N. 

Thorough this paper, we fix a real number L > and 7-" is a given fixed partition of [0, L]. 

A Hilbert snake is a continuous piecewise C-'^-curve S : [0,L] — ^ H, such that ||>S'(t)|| = 1 
and S(0) = 0. When S is affine by part, we call this snake an affine snake or a Hilbert 
articulated arm. ^ 

In fact, a snake is characterized by u{t) = S{t) and of course we have S{t) = / u{s)ds 

Jo 

where u : [0, L] — )• §°° is a piecewise C°-curve associated to the partition V. Moreover, this snake 
is affine if and only if u is constant on each subinterval of V. 

The set 

C^ = CO ([0,L],S-). 

is called the configuration space of the snakes in M of length L relative to the partition V . 
We can also put on the distance doo defined by 

doo{ui,U2)= sup \\{ui{t),U2{t))\\ 
te[a,b] 

Note that the subset 

= {u gC^, such that u is constant on each subinterval [sj_i, i = 1, • • • N} 

is the configuration space of Hilbert articulated arms in H of length L relative to the partition V. 
The natural map 

7V-1 
i=0 

{U \[s,,Si+i],U \[s^_^,sm]) (6) 

is a homeomorphism. In particular, {C^,dao) is a complete metric space. Note that the restriction 
of h to Aip is a homeomorphism onto [S°°]^. Moreover we have 
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Proposition 3.1 

Cp has a structure of Banach manifold and according to 0) the natural map 

N-l 

h-.C^^U C°([s„s,+i],S°°) 

is a diffeomorphism. Moreover is a weak Hilhert submanifold diffeomorphic to [§°°]^ and the 
topology associated to this structure and the topology induced by coincide. 

Proof : as is homcomorphic to IliLo^ C^ii^i, it is sufficient to prove that 

has a natural structure of Banach manifold C([0, i], S°°)for V = {0,L} =. Note that C([0,L],H) 
is a Banach space for the norm 

||w||oo = sup \\u{t)\\ 

te[o,L] 

On the other hand, consider the map 77 : C{[0,L],M) C([0,i],M) defined by r]{u){t)) = \\u(t)\\'^. 
Of course we have C([0,i],S°°) = ?7~^(1). As the function x — > ||a;|p is analytic on H \ {0}, the 
map 7y is also analytic on a neighborhood of C([0, L], S°°) and its differential is 
-Du7/(ti)(s) = 2{u(s),v{s)). To end the proof, it is sufficient to prove that Drj is surjective on 
C{[0, L],S°°) and at each u G C([0, L],§°°) its kernel is complemented. As in finite dimension (see 
[Eoj) , for u e C([0, L], S°°) we have 

1. for any / e C([0,L],R), for u e C{[0,L],§°^) wc have Dur]{v) = f for 

iGN 

2. keri:>„7] = {t;eC([0,i],H) | (m(s),w(s)) = OVs e [0,i]} 

Consider the closed subspace iJ„ = {/(s)u(s) for / e C([0,L],R)} of C([0, L], H). Then each 
V e C([0, L], H) can be written as 

v{s) = v{s) — (u(s), v{s))u{s) + {u{s), v{s))u{s) 
Of course clearly H ker D^j] = 

On the other hand, when V — {0,i}, the map h is nothing but the identity, so, according 
to the product structure, we see that ft, is a smooth diffeomorphism. 

Again, when V = {0, L}, the map / : S°° — > Ay, defined hy x /(a;)(t) = a; is a homeomor- 
phism from §°° to which is the restriction of the map / : H — >■ C°([0, L], H) defined in the same 
way. But / is linear and injective and then smooth and its differential is also injective. It follows 
that the restriction of / to §°° has the same properties as the image of this restriction is precisely 
A^p] we conclude that Aj, is a weak submanifold of Cp diffeomorphic to S°°. Moreover, as the 
canonical topology on H coincides with the topology induced by || ||oo, the same is true for each 
induced topology on Ap. According to the product structure of manifolds, this ends the proof of 
Lemma 13.11 

A 

The tangent space TuCj, can be identified with the set 

{v e C^([0,L],H) such that < u{s),v{s) for aU s e [0,L]} 

This space is naturally provided with the induced norm ||.||oo- On the other hand, note that any 
V e Cp([0, L], H) is integrable on [0, L] and so we get a inner product on this space given by: 

<v,w>L2= / < v{s),w{s) > ds (7) 
^0 
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This inner product induces a natural norm ||.||l2 on TuC^ given by: 

\\v\\l2 = [ <v{s),v{s) >ds]i 
Jo 

We have the following inequality 



<Vl\\u\\oo. (8) 



In the same way the tangent space T^A^ can be identified with the set v = {vi, ■ ■ ■ ,vn) & 
such that < Vi,Ui >= for z = 1 • • • iV if m = (wi, • • • , ujv). Of course, this vector space can be 
also considered as a subspace of T,iCp. Note that this subspace in closed in T„Cp. 

Remark 3.2 

As (T„Cp, ||. 11^2) is not complete, the norm \\.\\oo o,nd ||.||l2 are not equivalent (on each T^C:^). 
So the inner product defined by gives rise only to a weak Riemannian G metric on TC^. 
As Aj, is diffeomorphic to [§°°] , the tangent T^A^ can be identified with 

r,,s°° X ... X T,„§- 

for u = (xi, . . . jXat) G [8°°]"'^. So the canonical inner product on H^, induces an natural inner 
product on T^A^. 

On the other hand, the inner product < , >^2 on TJZ^ induces an inner product on TuA^ as 
subspace ofTuC^. In fact these inner products are proportional and moreover, the norm \ \ \\oo o,nd 
II 11^2 induce equivalent norm on TuAj,. 

3.2 The horizontal distribution associated to a Hilbert snake 

For any u E consider the map Su '■ [0, L] ^ M given by: 

Suit) = / u{s)ds (9) 
Jo 

called the Hilbert snake associated to u. On the other hand, to each configuration u G we 
can associate the endpoint map: 

u^SuiL) (10) 

As £ is the restriction to Cp of the linear map u — > / u{s)ds defined on Cp([0, L],H) it 

Jo 

follows that £ is smooth and we have: 

Tu£{v) = [ v{s)ds (11) 
Jo 

Note that £[0^] is the closed ball Bl = {x G H such that ||a::|| < L}. 
Lemma 3.3 

1. The subspace kcrTu^ C T^C^ is a Banach space for each induced norm ||.||oo dnd ||.||l2. 

2. The orthogonal ofkeiTu£ (for the inner product < ., . >]^2 onTuC^), denotedT>u, is a closed 
space in each normed spaces [T^Cj,, ||-||l2) and (T„Cp, ||.||oo) o,nd we have the decomposition 

TuC^=Vu®keiTu£. (12) 

3. In the Banach space (r„C^, ||.||oo), the restriction of Tu£ to T>u is a continuous injective 
morphism into H 
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Proof : 

At first, it is well known that we have fsee jPie] (8.7.7)) that: 

\\Tu£{v)\\ < [ \\v{s)\\ds 
Jo 

So on one hand we get 

\\Tu£{v)\\ < L\\v\\oo 
On the other hand by Cauchy-Schwartz inequahty we get 

\\Tu£iv)\\ < Vl\\v\\l^ 

So kerTuS is closed in T„Cp according to each norm ||.||oo- and IMIl^, which ends the proof of 
part 1. 

By construction, is a closed subset of the normed space [TuOp, IMIl^); so we have the 
decomposition ([T^ in this norm space. On the other hand, it follows from that I?„ is also 
closed in the Banach space (T^Cp, ||.||oo) and then, the decomposition is again true in this 
Banach space which ends the proof of part 2. 

According to the decomposition ([T2|) in the Banach space {TuC^, ||.||oo) we get part 3. 

A 



Definition 3.4 

1. The family u i— > I?„ is a (closed) distribution on called the horizontal distribution. 

2. Each vector field X on Cj, which is tangent to T) is called a horizontal vector field. 

On Aip, the intersection H TuA^ gives rise to a (closed) Hilbert distribution V-^. Note 
that we can also define V-^ directly as the orthogonal of ker Tu£ H T^A^ relatively to one of the 
equivalent inner products defined on T^A^ (see Remark [3^ . When no confusion is possible, this 
distribution 2?-^ on A^ will be also denoted by V and also called the horizontal distribution 
on yip. 

The inner product on H gives rise to a Riemannian metric g on TBI = H x H given by 
gx{u,v) =< u,v >. Let </) : H — >■ M be a smooth function. The usual gradient of (/) on H is the 
vector field 

grad(^) = {gY\d^) 

where g'' is the canonical isomorphism of bundle from TH to its dual bundle T*IHI, corresponding 
to the Riesz representation i.e. g^{v){w) ~< v,w >. So grad((/)) is characterized by: 

5r(grad(0), v) =< grad(0), v d(t){v) (13) 

for any v G M.. 

On the opposite, on TC^, the Riemannian metric G is only weak (see Remark 13. 2p and we 
cannot define in the same way the gradient of any smooth function on C^. However let be 
: TC^ T*C^ the morphism bundle defined by: 

G''^{v){w)^Gu{v,w) 
for any v and w in TuC^. Then we have 
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Lemma 3.5 Let </) : H — > M fee a smooth function. kerd((/) o £) contains kcrTS and belongs to 
GliTuC^). Moreover, 

Vcj>={G'r\d{(^oE)) (14) 

is tangent to Moreover, we have 

V0(m)(s) = grad(0)(f (u))- < grad(0)(£:(u)), w(s) > u{s) (15) 

Remark 3.6 When H is finite dimensional, the relation JJ5)) is exactly the definition of Vcj) 
given in Wof . 



Definition 3.7 

For any smooth function (/> : H — > R, the vector field S/(f> is called horizontal gradient of < 



Proof Lemma \3.5[ given v e TuCj^i then we have: d{(f> o £)[v) — d<j){T£{v)) =^ d(j){ / v{s)ds). So if 

Jq 

V € kerTuf then d{4> ° £){'l>) — 0. So, according to the decomposition (|T^ . it follows that we get 

d{<f> o £){v) = d{^ o £){7ru{v)) (16) 

where 7r„ : T„Cp — )■ is the canonical projection associated to the decomposition ([T^ . 
On the other hand, consider the vector field 

Grad(0)(u)(s) = grad(0)(£(M))- < grad((/))(£(u)), m(s) > u{s) 

along u. As we have 

< Grad((/))(u)(s),M(s) >= 

it follows that Grad(0)(u) belongs to TuCp. Moreover, for any v e TuCp, as < u(s),i;(s) >= for 
any s e [0,L], we get 

G(Grad(0)(u),w) = / < grad(0)(£(w)), w(s) > ds 



=< grad((/))(£'(u)), / v{s)ds > 

= d(j)i£{u))[J v{s)ds] 
= d(j){£lu)) oTu£{v) 

The first consequence of the last equality is that Grad((/))(u) belongs to Vu- Using the identity 
d(j){£{u)) o Tu£{v) — d{4> o £){u){v), the second consequence is that d{4> o £) belongs G^^{TuC^) 
which ends the proof of Lemma 13.51 

A 

To each vector x G H, we can associate the linear form x* such that x*{z) =< z,x >. So 
from Lemma l3.5l the horizontal gradient Vx* is well defined. In particular, to each vector e^, i € N, 
of the Hilbert basis, we can associate the horizontal vector field Ei — Ve*. Then as in jRoJ we 
have: 

Lemma 3.8 

The family {Ei}i^j.-i of vector fields generates the distribution D. 
Proof: Let m G be; we can write 

u{s) = y^Ui(s)e.i 
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Denote by A„ the closed subspace generated by the family {Ei{u)}i^fi in the normed space 
(TtjCp, 1 1. 1 1^2). A vector v G T„Cp belongs to the orthogonal of A„ (relatively to G) if and only if 
G{v,Ei{u)) = for all i e N. But as < v{s),u{s) >= we have: 

G{v,Ei)= / < v{s),ei - Uiis)u{s) > ds =< / vis),ei> for alH e N (17) 
Jo Jo 

According to p7|) v is orthogonal to if and only if t; e keiTuS- As 2?„ is also closed in 
(r„C^,||.||i2) , we get A„=2?„. 

A 

Remark 3.9 

1. As in finite dimension (see [Ro]), for (j) — e* using the left member of \15]) . for any i £ N we 
have 

Ei{s) = ej- < ei,u(s) > u(s) 

So, each Ei{u) can he considered as a vector field on §°° along u : [0,L] — >■ §°°. In this 
way, Ei (u) is nothing but the orthogonal projection of et onto the tangent space to S°° along 
ui[0,L]). 

2. On the induced inner product < , >i^2 induces a (strong) Riemannian metric on the 
horizontal distribution V. In the same way, to the Hilbert basis {ei, i G N} of H we can 
associate a family of global vector fields (again denoted) {Ei, z e N} on A^j^. In fact these 
vector fields are only the restriction to A^ of the family defined on the whole manifold CJp . if 
we identify TAj, with [TS°°]^ (see Remark \3.'2\] . the vector field Ei at u = {xi, ■ ■ ■ ,xn) is 



{ei- < xi,ei > xi, - ■ ■ Ci- < xn, ei > x^)- 



If there is no ambiguity, we also denote these family in the same way. Of course, on A^ 



the distribution T) is also generated by this family of vector fields. 

3.3 Set of critical values and set of singular points of the endpoint map 

As the continuous linear map Tu£ : TaC^, T£(u)ElI = H is closed (see |Die| section 8.7), it follows 
that pu — TuS\x>^ is an isomorphism from T>u to the closed subset Pu{T>u) of H. Consider a point 
M e Cp. According to remarks 13.21 1., the annulator of Pu{T^u) — Tu£{T>u) is 

[pu{Vu)f = {z e T£(„)H = H such that < z,pu{v) 0, Vi; G 

So, u is a singular point of £ if and only if [p„(I?„)]° ^ {0} . 

On the other hand, as the family {i?i(u)}igN generates Vu, any z G EI belongs to [pu{'Du)f' if and 
only if we have 

<z,( £;,(M)(s)ds 0, G N (18) 
Jo 

Consider the decompositions z = ZiCi and u{s) — Ui{s)ei. Then psp is equivalent to 

Lzj = / Mi(s)uj(s)zjds Vi G N (19) 



Let r„ be the endomorphism defined by matrix of general term (J^ Ui{s)uj{s)ds). Note that r„ 
is self-adjoint. The endomorphism — L.Id — is also self-adjoint and, in fact, its matrix in 
the basis {cijigN is {LSij — Ui{s)uj{s)ds). So (fTO]) is equivalent to 

A„(z)=0 (20) 
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So u is a singular point if and only if L is an eigenvalue of r„ . The proof of the following Lemma 
14.41 is an adaptation of the argument used in finite dimension (see |Rop 

Proposition 3.10 

A point u G Cp is a singular point of £ in and only if the vector space generated by u{[0,L]) is 
1-dimensional. 



Summarized proof: at first, note that for any unitary automorphism [/ of H we have 

UT^U* = Tuiu) (21) 

On the other hand, we have 

£oU{u) ^U{£{u)) (22) 

If u{[0,L]) generates a 1-dimensional space then we have u{s) = ±x G E>°° . Using (PT|). without 
loss of generality, we can suppose that u{s) = ±ei for any s € [0, L]. In this case, using the relation 
obtained by derivation of (|22|) we show that ei is an eigenvector associated to the eigenvalue L of 
r„ and so ker(L./c; - Tu) = ker A„ 7^ {0}. 

On the other hand, if u is a singular point of £, there exists a vector x e S°° which is 
an eigenvector associated to the eigenvalue L of r„. li U is an unitary automorphism such that 
U{x) = e\ then e\ is an eigenvector associated to L for UY^JJ* — Yu[u)- If we set u — U{u) 

then we get Tu{ei) — Lei. So, for the decomposition u{s) — Ui{s)ei, we get / [wi]^ — L and 

rem -^0 
Ui{s) = for all i > 1. It follows that u{s) = ±ei and so u{s) — ztx. 

A 



According to Lemma 13.101 a point u G is singular if and only if the restriction to [si-i, Si] 
is equal to ±x for some x G It follows that the set of singular points S(£) of £ is diffeo- 
morphic to the projective space a P°° of H. 

On the other hand, let u G T,{£) be with u{s) = x G S°°. For any v G C^([0, L],M) such that 
< u(s), v{s) >— for all s G [0, L] we consider 

1 / N 

Un = —V(S) + X 

n 

1 u 

As ||a;|| = 1, for n large enough, we have ||w„(s)|| > - and u„(s) = ,,_ " ,, belongs to Ck \ S(f ). 

2 ll'"n(s)|| 

Moreover we have 

lim Un = u 

So the set \ S(£) of regular points of £ is an open dense subset of C^. 

Recall that the image of £ is the closed ball B{Q,L) in H. As in finite dimension, when 
V = {0, L} the set of critical values of £ is then the boundary of B{0,L) i.e. the sphere S{0,L) 
and {0}. In the general case, V = {a = sq < si < ... < s^ = b}, the same argument applied to 
each subinterval [si-i, Si] gives that the set of critical values of £ is the union of spheres S{0, Lj) 
for j = 1, ■ ■ ■ n with < Lj < L. 

Remark 3.11 

L Recall that p„ is an isomorphism from I?„ to Pu{'Du), which is a closed subspace o/H. So 
on Du, the norm induced by ||.||oo is equivalent the norm ||.||h/ moreover, pu is an isometry 
between I?„ and Pui'Du) endowed with the Hilbert induced norm. In particular, for any regular 

point u, the inverse of pu is given by —Vv* and according to ( [_?7| j we have Pu(— Vw*) = v. 
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So {Ei{u), i G N} is then a Hilbert basis of Vu according to this isometry. If now, u is a 
singular point of £ , according to the previous proof, there exists a Hilbert basis {e'j, i G N} 
of M such that e[ = u(s) for all s G [0,L]. So, pu is an isomorphism from Du to {e'j^}^. 
It follows that, on 2?„, the norm induced by ||.||oo is equivalent to the norm ||.||h so that 
is an isometry between 2?„ and {e'^}^ . Then, the family {E^{u) — V(e9*(u), i > 1} is a 
Hilbert basis of T>u ■ 

2. According to the beginning of this section, as G{Ei{u), Ej{u)) = L5ij — Ui{s)uj{s)ds, the 
matrix of G in the basis {Ei{u), i G N} is the matrix of — L.Id — r„. But A^ is a self- 
adjoint endomorphism o/H which is compact. So the sequence {A^, i G N} of eigenvalues of 
Au is bounded and converges to and there exists a Hilbert basis {e[, i G N} of eigenvectors of 
Au- In this basis, the matrix of Au is diagonal and equal to {L~XiSij). So for the associated 
family {El{u), i G N} of generators ofT>u we have: 

(1) if u is regular the matrix of G in the basis {El{u), i G N} is {L — Xi)Sij. Note that is 
not an eigenvalue of A^ otherwise, it would mean that u is an eigenvector of r„ associated 
to the eigenvalue L. As the sequence {Ai, i G N} is bounded and converges to 0, there exists 
K >{) so that ^ < X,< K for any « G N. It follows that the norm associated to G and 
the norm associated to the isometry pu are equivalents. 

(2) if u is singular, according to the proof of Lemma \3.10l we can choose e'l so that u = ±e'i 
and then, by the same arguments as the ones used in (1) but applied to the restriction of 
Au to {e'{\^ we again obtain that the norm associated to G and the norm associated to the 
isometry pu are equivalent. 

Finally we obtain the following result : 

Proposition 3.12 

1. The set TZ{£) (resp. V{£)) of regular values (resp. points) of £ is an open dense subset of 

(resp. m). 

2. For any u G Tl-{£) the linear map p„ : Vu {£{uy\ is an isomorphism and on Vu, the 
inner product induced by < , >l'^) and the inner product defined pu from W are equivalent. 
Moreover the distribution defines trivial Banach bundle over TZ{£) 

3. The distribution is an Hilbert bundle which is isometrically isomorphic to TP°° 
Proof we consider the map F : Cl^ x ^ x C^([0, L], H) defined by 

It is easy to see that the family of smooth vector fields {E'i, i G N} satisfies the condition (LBs) 
for any s G N at any point and as F is linear in cr, it follows that F is a smooth map. According to 
Lemma and Remark 13.111 the range of F is T>. Again, from Remark l3.11[ {Ei{u), i G N} is an 
Hilbert basis of I?„ for u G TZ{£). So, the restriction of F to TZ{£) x P{N) is a global trivialization 
of The same argument can be used for the restriction of F to The other claims were 

proved previously. 

A 

4 The optimal control for a Hilbert snake 
4.1 The problem of optimality and accessibility 

As we have seen in the introduction, recall that our optimality problem for a Hilbert snake can 
be formulated in the following way: given any C*''-piecewise map 7 : [0,r] — 11 we look for a 
1-parameter family {ui}tg[o,i] such that the associated family St of snakes satisfies St{L) = ^{t) 
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for all t € [0, 1] so that the infinitesimal kinematic energy — / ||— ut(s)||(is is minimal. 

2 Jq at 

Given the horizontal distribution T) on C^, a horizontal curve is C'"'-piecewise map 
7 : [0,T] — ^ such that 7(5) belongs to almost everywhere. On the other hand, given any 

C'^-piecewise curve c : [0,T] — >• H, a lift of c is a C'^-piecewise curve 7 : [0,T] — >• Cp such that 
^(7(*)) — When a lift 7 is horizontal we say that 7 is a horizontal lift. By construction 

of V, among all lifts of c, a horizontal lift is a lift which minimizes infinitesimally the kinematic 

energy —0(7,7). So our optimal problem has a solution if and only if the curve c has a horizontal 

lift. On the other hand, we can also ask when two positions xq and xi of the "head" of the snake 
can be joined by a piecewise smooth curve c which has an "optimal control" 7 as lift. As in finite 
dimension, the accessibility set A{u), for some u S C^, is the set of endpoints 7(T) for any 
piecewise smooth horizontal curve 7 : [0,T] — >■ such that 7(0) = u. In this case if xq = Su{L) 
then any z = Su'{L) can be joined from xq by an absolutely continuous curve c which has an 
"optimal control" when u' belongs to A{u). 

In finite dimension, given any horizontal distribution 2? on a finite dimension manifold M , 
the famous Sussmann's Theorem (see Su ) asserts that each accessibility set is a smooth immersed 
manifold which is an integral manifold of a distribution T> which contains T> (i.e. T>x C for any 
x £ M) and characterized by: 

T> is the smallest distribution which contains T> and which is invariant by the flow of any 
(local) vector field tangent to T>. 

In the context of Banach manifolds the reader can find some generalization of this result in 
[LaPe] ■ In the next section, we will use the results of this paper to give some positive answer to 
this accessibility problem via an analogue construction as previously. More precisely, according to 
subsection l2.2l we will associate to each Hilbert basis {ci, i G N} of H, the family X = {Ei, i € N} 
of (global) vector fields (see Lemma l3^ which can be extended to a family {Ei, [Ej, E^], k G 
N,k < 1} such that the associated distribution T> is integrable. Moreover, this last set of vector 
fields generates a weak distribution V modeled on Hilbert spaces with the following properties: 

(i) t) does not depend on the choice of the basis {e^, i € N}; 

(ii) "Dx is dense in T>x for all x € M; 

(iii) T> is integrable and each maximal integral manifold of 2? contains the orbit of {Ei, i G N} 
for any choice of basis {ei, i € N} of H; 

(iv) the accessibility set of any point of such a maximal integral N manifold is a dense subset 

of TV. 

In this way we obtain: 

Theorem 4.1 Let {ci, i e N} be a Hilbert basis o/H and {Ei, i G N} the associate family of 
vector fields on . The vector space 

^ {Yx,E,{u) + 6j[£;,,£;j](w),^(a;,)2 < c5o,^(f,j-)2 < 00} 

ieN j,l<EN,j<l 

is a well defined subspace of T^Cj, and carries a natural structure of Hilbert space such that the 
inclusion of 'D^ in T^C^ is continuous and gives rise to a weak Hilbert distribution on Cj, . This 
distribution has the following properties: 

(1) T> does not depend on the choice of the Hilbert basis {ei} o/H. 

(2) The distribution T) is integrable. Moreover, for each u G Cp, the accessibility set A{u) is a 
dense subset of the maximal integral manifold L{u) of T> through u 

(3) on the manifold Ap, each subspace "Du H T^Ap induces a closed distribution (again denoted 
by T>) which satisfies the two previous properties and moreover, in this case, each integral 
maximal manifold of this distribution is a Hilbert submanifold of Ap . 
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Remark 4.2 

Recall that a horizontal curve 7 is an absolutely continuous curve in which is almost everywhere 
tangent to T). Given u G Cp, we denote by C T^C^ the set of tangent vectors at u of a horizontal 
curve through u which has a tangent vector at u. If X and Y are vector fields on whose domain 
contains u, the curve 

is a horizontal curve and it is well known that its tangent vector at u is [X, Y]{u). So, if we look for 
the smallest (weak) manifold ofC^ which contains the accessibility set A{u), its tangent space must 
contain H^- In particular, this tangent space must contain the family {Ei(u), [Ej, Ei]{u),i,j,l G 
N}. Note that from Theorem \4-.l\ it follows thatV^ contains H^- On one hand, if we consider the 
closed distribution generated by X = {Ei, [Ej,Ei\,i,j,l G N}, we can show that this distribution is 
upper trivial and the property (1) of Theorem \4-.l\ is satisfied. But we do not know if this distribution 
is integrable. On the other hand, according to the following subsection, the l^- weak distribution 
generated by X satisfies property (2), but not property (1) and so does not contain i7„. 
So, in this sense the distribution T) is the "smallest" weak distribution which is integrable and such 
that the maximal integral manifold through u contains A{u). Moreover, as, the maximal integral 
manifold N is closed in this case, the X-orbit of u is contained in N, for any family X of type 
{E[, i £ N} associated to any Hilbert basis {e[, i G N} o/H. On the other hand, when H is finite 
dimensional, T) is exactly the distribution whose leaves are the accessibility sets as proved in \Rof . 

According to our problem of optimality for the head of the snake, we know that if m is a 
configuration, and N is the maximal integral manifold of V through u, for all other configuration 
V G N there exists a sequences (7„) of horizontal curves in N whose origin u and whose sequence 
extremities converges to v. So, if £{u) — x and £{v) = y, the family of curves c„ — £ o 7„ 
are optimal (in the previous sense), have x for origin, and, the sequence of extremities y„ of c„ 
converges to y. 

For each maximal integral manifold iV of T>, denote by N the range N = £{N). Then for 
each pair {x, y) € N there exists a family of optimal curves c„ which have x for origin, and, the 
sequence of extremities y„ of c„ converges to y. 



4.2 Construction of the distribution V 

For the construction of T> we need the following result whose proof is the same as in the case of a 
finite dimensional Hilbert space H (see [Ro| ) . According to Remark 1 3. 9 1 each Ei can be considered 
as a vector field on S°°. In these way, we have 

Lemma 4.3 

The brackets of vector fields of the family {i?i}igN satisfy the following relations: 

[Ei,Ej]{u) =< ej,u > Ei{u)— < ei,u > Ej{u) for any u^C^ and any i,j G N; 
[Ei[Ej,Ek]] = SijEk - SikEj for any i,j, fc G N 

m,E,], [Ek, El]] - du[Ej,Ek] + Sjk[E„ Ei] - d^k[E,,Ei] - 6ji[E„ Ek] for any i,j, k,leN. 

We consider the countable set of indexes A = {(i, j), i,j G N, i < j} and let (resp G^) be the 
Banach space 1^{N) © l^(A) (resp. I^(N) ® ^^(A)). We then have the following result: 

Lemma 4.4 

1. For p = 1,2, the map 'i'P from the trivial bundle Cp x Qp to TC^ characterized by: 

"^li^^O = ^a,£;,(w) + ^^3[E^,EJ]{u), o = (a,) G F(N), C = e ^''(A) (23) 

i&i (jj)eA 

is well defined and each ^I'^ is a continuous linear map. 
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2. For each u £ C^, let V„ be the Hilhert subspace ofM. generated by the set 

{u{t)~u{0), t £ [0,L]} 
For p= 1,2, if the kernel of ^1 ts not {0} then V„ 7^ H 

3. For p =1,2, the distribution defined by A^^ = \E'P(C) is a weak distribution and the map 
'^P defines a strong (global) upper trivialization of . 

4-. The distribution A^ do not depend of the choice the Hilbert basis (e^) in H contains D (i.e. 



Proof of Lemma\4.4\ 
Proof of part 1 

For any a £ P{J^) the vector UiCi belongs to H and for any s £ [0, L] the vector aiEi{u{s)) 
is the orthogonal projection on Tu(s)§°° of (JiCi. So we have 



\Y.a,E,{u)\\^ < ^{a,fY'^ = M\2 (24) 



If a belongs to /^(N), as 110-112 < lo-jli in this case we get 

\\'^(TiEi{u)\\oo < ||cr||i 

On the other hand as [Ek,Ei]{u) = uiEk{u) — UkEi{u), in the same way, for any s £ [0,i], the 
vector J2{k,i)£A^ki[Ek, Ei]iu{s)) is the orthogonal projection of ^ ^kiiui{s)ek - Uk{s)ei) on 

(fc.OeA 

But we have: 

^ (.km{s)ek = ^^[^ikm{s)]ek] 

{k,l)GA fcGN l>k 

SO 

II E e^^K^wiP-EE^'^'^'Ks)]' 

{k,l)eA fceN l>k 

Using the fact that |uj(s)| < ||u(s)|| = 1, from Cauchy -Schwartz inequality we get: 

iEmwi<[E(^^')']'^' 

l>k l>k 

Finally we obtain 



II E ^^Ms)ekr< J2 fe0' = (iieii2) 

(fc.OeA {k,l)£A 

By same argument we get 

II J2 ^''iMs)eir< J2 = (ii^ib) 

(/c,i)eA {k,l)£A 

So we obtain 

II ^ ^ki[Ek.Ei]iu)\l^<2M2 

(kd)eA 



2 



2 
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If ^ e ^^(A) by same argument as previously we also get: 

II ^ki[Ek,Ei]iu)\\^<2m, 
(fe,;)eA 

Finally we get : 

||*?:(a,Olloo <2||(a,Ollpforp = l,2 (25) 

It follows that is well defined. From its expression, it is easy to see that ^I^p is linear and 
continuous from (|25p . This ends the proof of part 1. 

Proof of part 2 

At first, note that as the natural inclusion / : ^ is continuous and with dense range, we 
have Vt^ o I = ^f^, the closure of ker^E'^ in is equal to ker\l/^. So ker^"^ 7^ if and only if 
kcrvI/2 ^ 0. Assume that kervpi ^ {0} 

Let be (ct, ^) e ker^^. According to (P^ . and Remark [5^ we must have 

^ (j,E,{u{s)) + - Uj{s)E,{s)] = for any s G [0, L] (26) 

We set ^kj — (resp. ^kj ~ ^^^) j ^ (resp j > fc) and ^jj ~ 0. Then ((26|) can be written: 

I]E(C*jWj(s) + (J,]E,{u{s)) = for any s E [0, L] (27) 

Given any ^ G ^^(A), denote S the endomorphism of 1^{N) whose matrix in the canonical basis is 
precisely {^ij, i,j G N). So, ([27]) is equivalent to 

Eu{s) = -cr for any s G [0, L] (28) 

So, a must belong to the range of S. 
According to the definition of V„, ((28)) is equivalent to 
Su(0) — —a and V„ C kerS. 

Proof of part 3 

From part 1, A^^ = $^^(G^) gives rise to a well defined distribution on C^. On the other hand, 
denote by 'I'^ the canonical bijection induced by 5'^ : 

:G7kervI/P^ AS 

So we can put on AJ^J the Banach structure so that is an isometry. In this way, A^ is then a 
weak distribution. On the other hand, the family of smooth vector field {Ei, i G N} satisfies the 
condition (LBs) for any s G N at any point, and as '^]^ is linear with Lipschitz constant independent 
of u, the map (u, (c, ^)) i-> ^fj(CT, ^) is smooth. 

It remains to show that ker^Pf^ is complemented in G^ for each u G C^. At first, for p = 2, 
as G^ is a Hilbert space, it is always true. In particular, the previous Banach structure on each 
A^ is a Hilbert structure. However, we shall show this result for each case p = \ and p — 2. 

assume that u G 7?,(£') 

If ker\l/P = {0} there is nothing to prove. Now assume that ker^I'^ 7^ {0}. At first, suppose that 
we have a partition N = AUB such that {ca, a G A} (resp. {e;,, h G B}) is a Hilbert basis of [Vu]^ 
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(resp. Yu)- By construction, each component Ua is constant, for all a Cz A. So the Lie brackets 
[Ea, Ea'], for a, a' £ A, belongs to I?„. Let be 

K = e F{A) such that = if i or j e 5} 

According to the notations of the proof of part 2, for any ^ e K if we denote again by S the 
associated endomorphism of H, kerS contains V„ and if cr = — Su(0) then (cr, ^) belongs to ker^P. 
So, the subspace 

K = {(a, e Fin) ® F(A), e e K, o- = -Eu{0)} 

is contained in ker^E'^'j. 

On the other hand, if (cr, ^) belongs to ker^P, from the proof of part 2 and we have a — ~Eu{0) 
and V„ C kerS and, as {cb} is a basis of V„, we then have (cr, ^) G K. It follows that ker^Jj is 
complemented: 

if we denote by L is the subspace of e ^^(A), — for all i,j G A}, then the subspace 
IP(N) L is a complement subspace of ker^^. 

In the general case, choose a Hilbert basis {ej,, a £ A} (resp e'^, b e B}) of [V„]-'- (resp. 
Yu)- There exists a linear isometry T of H such that T{e'^) = Ca for a G A and r(e[,) = ef, for 
b E B. Denote by E'^ = V(ej)* the associated vector field on (see Lemma [3.5p . The map 
T : {z,v) ^ {z,T{v)) is an isomorphism of TH such that f{Ej){u) = i?j(w) for any j e N. 
Consider the map : x ^ TC^ defined by 

= + E ^^M,E'^]{u), a = (a.) e F{N), ^ = (6,) e /^(A) 

Of course, we have 

But in the new basis, for 5'^ we are in the previous situation. So, it follows that ker is comple- 
mented, which ends the proof of part 3. 

Assume now that u G 2(1?). 
According to the proof of Lemma [3.101 then u{t) = ±x € for any t e [0,i], there exists an 
Hilbert basis {e-, i G N} such that x = e[, the associated family {£'-(it), i > 1} is a basis of A„ 
and we have E[{u) = (see Remark . Moreover, as the components of u are constant, from 
Lemma [4.31 all brackets [E'j,E'i]{u) belongs to 2?„ for i > 1 and j > 1 and [E[,E'j] = —XiEj also 
belongs to A„. As previously, we can consider the map 

Ki^,0 = E'^^^^'M + E ikAKm^), <^ - {^^) e ^^(N), e = e ^^(A) 

Its kernel is Re[ ^^(A). From the same argument as previously, we obtain that the ker'I'P is 
complemented. Moreover, the restriction of to 1^{N) has a kernel of dimension 1 and the 
restriction of 'i'P to the orthogonal [ker^I^P] in 1-^{N) is an isomorphism onto A^. 

Proof of part 4 

Now, we must show that the range of does not depend on the choice of the Hilbert basis (e^) of 
H. So given any other Hilbert basis (e^) of H, denote again by E'^ = V{e'j)* the associated vector 
field on C^. So we have the decomposition: 

El = E o^E, and [E'^,E',] = E ^'j<[Ei,E^] = E (^^I" " a^ai)[Ei,E^] (29) 

JGN Lrneti (l,m)eA 

Let T be the isometry of H defined by T(ei) — e^. Let ^^^(IHI) be the set of Hilbcrt-Schmidt 
bilinear antisymmetric maps. Then {e* A e*, {i,j) € A} is a Hilbert basis of Zg^(IHI). Denote by 
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the isometry of Z^^(H) induced by T on Z^^(H). Then matrix of in this basis is precisely 
[(afa^ - a^a-)](jj)^(fc^;)gA- It follows that T (resp. T^) is an isometry of f{N) (resp. /^(A)) 

On the other hand, to the choice (e^ of a basis of H is naturally associated the map ^t'^ : 
X GP ^ TC^ characterized by: 

ieN (j,fe)eA 

According to ((29| we have: 

So we have = for any u £ C^. 

On the other hand, according to Lemma lXSl it is clear that I?„ is contained in A^. According 
to Remark [XTTl We can note that ipl{f(N) = 2?„ and from the proof of part 3, ^'^(^^(A)) is a 
complemented space of 2?„ in A„ 

A 

4.3 Proof of Theorem 

According to Lemma [44], we have I?„ = A J and so I? is a well defined weak Hilbert distribution 
on which does not depend on the choice of the Hilbert basis {ci, i S N} of H. 
We take place in the context of the proof of Lemma According to Lemma [1751 Lemma [17H and 
Theorem 12.11 it follows that the distribution A^ is integrable. On the other hand, according to 
Lemma [4.31 Lemma [4.41 and Theorem 12. II we also have that I? = A^ is also integrable. We again 
denote by X the family {£";, z e N} of vector fields. 

Now We will show that any X -orbit is contained in a maximal integral manifold ofD. 

For the sake of simplicity, we only denote by G the previous Hilbert space G^. As the 
distribution V is integrable, let f : N be any maximal integral manifold of T>. Without 

loss of generality, we can identify N with f{N) and take f — in the natural inclusion of N (with 
its Hilbert manifold structure) into Cp. Consider the pull-back f*{C^ x G) over N. Note that 
f *{C^ X G) can be identified with iV x G. As the range of ^'^ is for any u, the bundle morphism 
^' : X G — ?► TCp induces a bundle morphism ^ from x G to TN which is onto. Moreover, the 
orthogonal of ker^u in {u} x G, gives rises to a Hilbert sub-bundle of x G. Denote by J\f this 
sub-bundle and by H the natural orthogonal projection of A^ x G on Af. Now, we have H o 'J' = vj/ 
and the restriction of ^ to A/" is an isomorphism from J\f onto TN and we have 

Tfo^ = ^o{Idxf) (30) 

Now, given the canonical Hilbert basis {ei,ujji, z G N, {j,l) € A} of G, we set Ei{u) = ^ui^i) and 
Eji{u) = ^u{i^ji)- In fact, Ei and Eji are smooth global vector fields on N. On the other hand, 
we have \E'i,(ei)(u) ~ Ei{u) and ^^{ijjji) — [Ej,Ei]{v) for any v G f{N). 

According to proposition 12. 3[ there exist (global) vector fields Ei on A^ such that = Ei and 
so f^[Ej,Ei\ = [Ej.Ei]. It follows from ^ that E, = E, and Eji = [Ej.Ei]. 

Let X be the induced family {Ei, [Ej.Ei], i,j,l € N, j < I}. As ^' (resp. ^) is a strong 
(global) upper trivialization for "D on (resp TA^ on A^), it follows that, for any u £ 
(resp.u g A^), there exists an open neighborhood C/ C (resp. U C A'') of u such that X 
(resp. X) satisfies the condition (LBs) on U (resp. U) for s > 3 (see [LaPe| . proof of Theorem 6, 
part 2). 

Consider any family ^ = {Xa, a E A} C X and let ^ — {Xa, a S ^} be the corresponding family 
on a maximal integral manifold A^. Given u G f{N), consider some flow $| associated to ^ and 
let 7(t) = $|(t, u) be the integral curve defined on [0, ||t||i]. From proposition 12.31 there exists a 
curve 7 : [0, ||t||i[— > A^ such that / o 7 = 7 on [0, ||t||i[. We set v = 7(||t||i). 
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We want to show that v also belongs to f{N), or equivalently, $^(||r||i,u) = (f^ri'^) belongs 

to N. 

Consider a maximal integral manifold g = im '■ M ^ of 2? through v and set v = 
{iM)^^{v)- As, we have already seen, if X' is the family of vector fields {El,[El, E'l], i,j,l,G 
N,j < 1} on M such that g*E^ = Ei, then X' satisfies the condition (LBs). On N, we also have 
a family ^' = {X'^,a € A} defined on a neighborhood of v and so g*X'^ = Xa- Then ^' also 
satisfies the condition (LBs) for s > 3. So, from Theorem 2 of |LaPe| . there exists rj > such that, 

for t' e 1^{A) with ||r'||i < rj, the corresponding flow $^/(., .) is defined on a neighborhood V of 
V = g~'^{v) in Af. Now coming back to the original flow $| on Cp, if r = {Ta)aeA, there exists ao 
such that 

J2 

Then, given any a d A with a > ao, we set Tq = (t^) with = for a < a and = for 
a> a. The corresponding flows $f and $^ are deflned on M. Moreover, we have 

g o (t, z) = (t, 5(z)) and g o (t, z) - l>«^ (t, g(z)) (31) 

for any z £ V. 

By construction of the flow $^ we have 

*i(lka||l,7(T-a)) = W and so ^i^{\\Ta\\l,v) ^ j{Ta) 

For any a > ao, in consider the curve ja{s) = ^t„(||'''a||i — s,v). This curve is defined on 
[0, IItqIIi] and joins w to 7(ra). In the same way, in M, consider the curve 7a (s) = I'f^dlralli — s, v). 
This curve is also defined on [0, ||tci||i] and joins v to Va in N. According to pip we have 

9°l'a^ la- 
in particular, we get g{v) = ^{to}- But ^{to) belongs to f{N) = N and to g{M) = M as subsets 
ofCp. But, (A^, / = ijv) and (Af, g = lAf) are maximal integral manifolds of P. So, asA^flM 7^0, 
we must have A^ = M and so we can extend 7 to the closed interval [0, ||t||i] and, in particular, 
(^f (u) = $«(||r||i,w) belongs to A^. 

Now if we have v — $(u) for some ^ G Gx (see subsection l2.2p . then $ is a finite composition 
of local diffeomorphisms of type (p^ or or of type for some X G X. From the previous 

argument, if u G L, then (f>i{u) and [0|]^^(u) belong to A and from Lemma [2.31 part 1, $f"(u) 
also belongs to A^. By induction we obtain that v — (f>(u) belongs to A^. So the Af-orbit 0{u) of u 
is contained in A. 

If A{u) denotes the accessibility set of u we now show that A{u) is dense in N. 

From Theorem 12.41 0{u) contains the maximal integral manifold of through u and 
is dense in 0{u) (for the topology of C^, and so and 0{u) have the same closure in C^. But 
we have C 0{u) C L. As the inclusion of A^ in Cp is continuous we obtain that 0{u) is dense 
in A^. 

From proposition 12.21 the set A{u) 0{u) is dense in 0{u). On the other hand, according to 
proposition 12.31 we see that A{u) is contained in A^. So we obtain that A{u) is dense in A^. 

Now, it remains to show that the same results are true on A^. It is easy to see (and it is 
left to the reader) that all the proofs of Lemma 14.41 work in the same way on the manifold A^ . 
So the previous arguments work too in this context. But, in A^, the corresponding distribution 
2? is closed. So each maximal integral manifold of 2? is a weak Hilbert manifold whose topology is 
the topology induced by the topology of the Hilbert manifold A^. So, such a manifold must be a 
Hilbert submanifold of A!^ . 

A 
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4.4 Almost Lie algebroid structures 

According to Lemma [4.41 ioi p — 1,2, on G^' we define a Lie algebra structure in the following 
way: 

let be (ei)igN (resp. (eij)(ij)gA the canonical basis of (Zp(N) (resp. {F{A)); 
according to Lemma 14.31 we then define; 
[ei,ej] = for all i,jeN 

[ei,ujjk] = - SikSj, for all i e N and (j, fc) G A 

[L0ij,L0ki] = SiiUJ-jk + Sjki^ii - SikUJji - 6jiUJik , for ah {i,j){kl) £ A. 

For any x = '^x^ai, y = J2y3<^j in /^(N) and ( = J^Cij^ij, V = J^VkiPki in /^(A), naturally we 
can define: 

[cr,a'] = <7,a'^[e^,ej] 

[o;v] = X! '^iVki[ei,OLiki] 

ieN,{kd)eA 
(ij)eA,(fc,06A 

Now, according to Lemma 14. 4[ the map -^iP : Cjji X QP TC^ is morphism bundle over 

C^. Moreover, each section ip of the trivial bundle x G can be identified with a map 
(fi : C^p QP. So, on the set r(G^) of section of this trivial bundle we can defined a Lie bracket 
by: 

[ifi, ^']{u) = [(^(u), ^'{u)] + (^'(m)) - difi'i'i'Pu, ^(u)) 

According to |Pe) section 4 or [CaPej . it follows that (C x Cp\I',C^, [ , ]) has a Banach Lie 
algebroid structure on 

In QP let be TT : G*' — > the canonical projection whose kernel is P(A) and denote again 

by TT : Cp X G^ — )■ x Ip{N) the associated projection bundle. Again any section of the trivial 
bundle x P(N) can be identified with a map from to Of course the set r(/P(N)) 

of such sections is contained in r(G^). So, according to [CaPej . on r(/P(N)), we can define an 
almost Banach Lie bracket by: 

[[^,^']](«) = 7r([^,^'](z.)). 

So, if we denote by Qp the restriction of WP to x ?p(N) we get an almost Banach Lie algebroid 
structure (C^ x /p(N),«"C^, [ , ]) on C^. 

Moreover, again, according to |CaPe| subsection 4.3, the inner product on P{N) gives rise to 
strong Riemaniann metric on (Cp x P(N),^'^,C^, [ , ]). Note that, according to Remark 13.111 
the induced inner product on I?„ is equivalent to the inner product associated to the Riemaniann 
metric G. 

Given a maximal integral manifold (/, N) of V, the puU back /,(Cp x and f*{C^ x G^) 

can be identified with N x P{N) and x G respectively. Then, 9^ and ^E*^ induces anchors 
9n ■■ N X P{N) TN and ^at : x G^ ^- TN and the almost bracket [[ , ]] induces an almost 
bracket again denoted [[ , ]]. So (A^ x 1'^{N),9n,N, [[ , ]]) is an almost Banach Lie algebroid on A^ 
and (A^ x G^, ^at, A^, [[ , ]]) is a Banach Lie algebroid on A^. Moreover the canonical scalar product 
on P{N) (resp. G^) gives rise to a strong Riemannian metric on (A^ x P{N),9n,N, [[ , ]]) (resp. 
on {NxG\^N,N, [[,]])). 

Essentially from the proof of Lemma [4.41 we get: 

Proposition 4.5 

Fix some u £ N . Then we have the following properties 

(1) Assume that u G 5](£) then N = S(f). Let be the 1-codimensional Hilbert subspace 
[ker^^r]^ C {v} X P(N) for any v E N. Then C — U^^n^v *s o. 1-codimensional Hilbert 
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sub-bundle of N x and the restriction ipN of ^ n to C is an isomorphism onto TN and 

we have I?|jv = TN . 

(2) Assume that u € TZ{£). Let be Wu the Hilbert subspace o/H generated by the set 

{u{t)~u{0), t e [0,L]} 

and choose an Hilbert basis {e'^, a G A} (resp e'^, b G B^) of [V„]^ (resp. Yu) (see the proof 
of part 3 of Lemma \4.4\ )■ Lf is the set of pair {i,j) G A such that that i or j do not 
belongs to A, then N is an Hilbert manifold modeled on P{N) ® P{Au) and is contained in 

n{£) . 

Let be Ly the orthogonal o/kcr[5'Ar]^, C {v} x G^. Then C = Uy^N^v is a Hilbert sub-bundle 
of N X which contains N x P(fi) and the restriction of ipN o/^'tv to C is an isomorphism 
on TN 

Moreover, L contains N x P(iV) and the restriction of On to N x P(N) is an isomorphism 
on T>\N 

(3) Let be 7 an horizontal piecewise curve in N . Then there exists an unique piecewise C^~^ 
section (7,17) of C over 7 such that '0A'(7(i)), o'(i)) — j{t) for all t. 

Proof 

From the proof of part 3 of Lemma [4.41 for p = 2 , we get that P„ = I?„ for any u € So 
T,{£) is an integral manifold of D. On the other hand, from the proof of part 3 of Lemma [4.41 for 
p — 2, taking u £ TZ{£) we get that the tangent space to N is modeled on Z^(N) ® P(A„) (with 
the notations introduced in part (2)). As for u € Ti-{£), we have I? ^ P, it follows that is a 

maximal integral manifold of D, and, for u G TZ{£), so N is contained in Tl{£). 

As 5* AT : -/V X —7' TN is a surjective Hilbert bundle morphism, the kernel of this morphism 
is an Hilbert sub-bundle IC oi N x G^. It follows that C is also an Hilbert sub-bundle of x G^ 
and the restriction ip^ of to each C is an isomorphism onto TN. Given u £ N, if u € TZ{£), 
according to notations in (2), by the same arguments used in proof of part 4 of Lemma 14.41 we can 
show that P(N) is contained in Now, if we identify H with P(N), for u e the kernel of 

vl*^ in {u} X G^ is R.f (u) © /^(A). So the vector space £„ is the orthogonal of ker[*^]„ in /^(N) 
(see the proof of part 3 of Lemma |43]). 

Let be 7 : [0,T] — > A^ a piecewise C'^ horizontal curve for fc > 1. Assume that A^ C TZ{£). 
On one hand, ipN ■ ^ ^ TN is an isomorphism and on the other hand 'ipN{N x P(N)) = 
for u G Ti-{£) (resp. i(jn{^ ~ L)^^ for u e S(f )■ So the restriction On of ^pN to N x P(N) is an 
isomorphism of bundle onto V^n- As 7 is horizontal, the curve {'-f{t),x{t)) — (7(t), [ON]~^{g{t)) is 
a well defined piecewise C'^~^ curve which satisfies the conclusion in (3). Finally, when A^ — S(f ), 
ipN is an isomorphism from £ on TN (see part (l))so conclusion (3) is clear in this case. 

A 
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